In this paper we carry out the next necessary step in the study of closed incompressible surfaces in alternating link complements -determining when a given punctured surface in an alternating link complement is incompressible, pairwise incompressible and understanding when a "peripheral tubing" operation (which will produce a closed surface) preserves the incompressibility of a surface.
Introduction. Let L c R
3 c S 3 = R 3 U {oo} be a non-split prime link which is alternating with respect to the projection π: R 3 -» R 2 . In [M] we introduced the notion of a standard position embedding with respect to π(L) for incompressible, pairwise incompressible surfaces in S 3 -L. From Theorem 3(c) of [M] we can conclude that there are only finitely many such ^-punctured surfaces for n > 0. However, for a given surface S c S 3 -L in standard position, no method was given in [M] for determining whether S is incompressible or pairwise incompressible. Furthermore, understanding when a "peripheral tubing" operation preserves the incompressibility of a standard position surface was not discussed in [M] .
In this paper we give a method for determining when a surface in standard position is incompressible and pairwise incompressible. Using results on branched surfaces in [F-O], we adapt our new method to understanding when a "peripheral tubing" operation preserves the incompressibility. Throughout this paper we use the same notation and terminology as in [M] .
In §2 we amplify on the notion of standard position. In §3 we develop the notion of a compressing disk or pairwise compressing disk in standard position with respect to a standard positioned surface. From an analysis of a disk in standard position we produce our sought after method. In particular, the following sufficient condition for incompressibility becomes evident. This sufficient condition will force some standard position loop patterns of S Π S 2 ± to be incompressible, pairwise incompressible independent of π(L). Proof. To show (a) we consider a loop, C, of S Π S 2 ± which meets both a bubble and an arc of L Π S 2 having an endpoint on the bubble. Figure 2 shows the four possible configurations that can occur. The reader should convince himself that if Figure 2 Suppose C corresponds to Figure 2 (b) and assume C is the innermost such loop. By sliding the point of C that is transverse to L across and under the bubble, and dragging S along, we produce a new loop that has two arcs on the same bubble. (See Figure 3 .) This adds a saddle to S, but we are now in the situation of Figure 5 (b) of [M] , where two saddles can be eliminated. 
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isotopic to a meridian of L. Assume a and β are innermost such loops R + U i?_ bounds a punctured disc along which S can be pairwise compressed. D
We refine the notion of standard position to mean that a surface S satisfies the conditions of (*) and Lemma 3. Notice that the alternating hypothesis for L has not been used in the proof that surfaces can be isotoped into standard position.
FIGURE 6
3. Compressing discs in standard position. Let S c S 3 -L be a surface in standard position. From §2 we know that every incompressible, pairwise incompressible surface can be isotoped into standard position. We do not know that every surface in standard position is incompressible. In fact, there are many easily constructed examples to the contrary.
As in [M] (Figure 8b ). In Figure 8b the loop cf arcs is labeled as C 3 . Since another loop of arcs must be attached to C 3 via the saddle in the bubble we must also see C 2 of Figure 8a occurring. So we can assume
Suppose C λ and C 2 correspond to Figure 8a . By sliding the arc d ι Π c 2 that is on dR across d x and through the bubble, and dragging D along, we produce a new loop of arcs (or possibly a loop of D Π S+) that has two arcs on the same bubble. (See Figure 9 ). This adds a saddle to Z), but we are now in the situation of Figure 7b , where two saddles can be eliminated. D
If D c S 3 -L is a compressing or pairwise compressing disc of a standard position surface such that D satisfies the conditions of Lemma 4 then we say D is in standard position with respect to S. Notice that we have not used the hypothesis that L is alternating.
LEMMA 5. Ifπ{L) is alternting and S c S 3 -Lis a surface in standard position and D c S 3 -L is a compressing or pairwise compressing disc of S in standard position w.r.t. S then each component of D Π S\ is an arc.
Proof. The reader should convince himself that if S is surgered along D to produce a new surface, S", (possible not connected) the new surface will satisfy (*). In particular, 5" will be in "standard position" in the sense of [M] . If C c D Π S\ is a loop then there is a loop C c S f C\ S\ parallel to C. Using notation from [M] , ω ± (C) = P'S 7 ', where 0 < / < 1 and j > 0. By Lemma 2 of [M] The proof of the claim essentially proves part (a). For part (b), the reader can easily construct a similar argument for PS 2 PS 2 and PSPSPS loops.
For part (c), we notice if a P 4 , P 6 , or 
Peripheral tubing. From [M]
we know that all closed imcompressible surfaces in alternating link complements are the result of peripheral tubing together meridian boundary components of incompressible, pairwise incompressible surfaces. However, not all peripheral tubing preserve incompressibility. In determining when incompressibility is preserved we use some recent results on branched surfaces, [F-O] . For the purposes of this paper we need only concern ourselves with the branched surfaces that are described in §3 of (1) There are no
Here, d h N is the portion of the boundary of a fibered neighborhood, TV, of B that is transverse to fibers. If B satisfies the above we then must check that no negative weights can be assigned to B to produce a surface. To determine when d h N is incompressible we first need to develop a notion of a closed surface in standard position and a compressing disc in standard position.
We say a closed surface, S, is in standard position if S Π S 2 ± satisfies the following: The argument that a closed incompressible surface is isotopic to a surface satisfying (i) and (iii) of (***) is the same as for a surface with boundary since it is dependent only on incompressibility. The argument that any surface can be isotoped such that no loop of S Π S 2 + meets a bubble in a non-meridian fashion is the same as previous arguments which are independent of incompressibility and alternatingness. Thus every closed incompressible surface is isotopic to a surface in standard position.
We use the same definition for a compressing disc in standard position with respect to a standard position surface as was developed in §3. Lemma 4d is a vacuous condition for closed surfaces. The rest of the proof of Lemma 4 was independent of boundary. Thus a compressing disc can always be replaced by a standardized disc.
When π(L) is alternating Lemma 5 still applies to a compressing disc in standard position. Thus Theorem 1 and the isotopies of Figure 11 still hold. So the same method of determining incompressibilities can be used on closed surfaces.
Let S" be an incompressible, pairwise incompressible surface in standard position and let S be a surface in standard position that is the result of peripheral tubing of 5' with annuli that lie on peripheral tori in standard position. ( To determine whether there exists a B associated with 5" satisfying the conditions of Theorem 3.2 of [O] we first assume that all branching sets are of the type shown in Figure 16a . The only resulting components of d h N that must be checked for incompressibility are components that correspond to interior and exterior peripheral tubing of 5". If both of these components are incompressible then the corresponding B carries only incompressible surfaces. If either component is compressible we locate all standard discs and replace appropriate branching sets of type Figure 16a with the type in Figure 16b , ensuring along the way that no monogons are added. Finally we check to see if the resulting branched surface carries a surface. At this point an example may be useful. Figure 19a shows the borromean rings with an incompressible, pairwise incompressible 4-punctured sphere in a PSPS, PSPS pattern. The associated branched surface, 370 WILLIAM W. MENASCO where all of the branching set are of the type in Figure 16a , is shown in Figure 19b . Figure 20 shows the two components of d h N that correspond to interior and exterior peripheral tubing. The reader should notice that these components violate (iii) of (***) i.e. the two sets of curves in Figure 20 bound annuli in B 3 + . This eliminates any possible choice for changing branching sets.
